We present a general formalism for computing Lyapunov exponents and their fluctuations in spatially extended systems described by diffusive fluctuating hydrodynamics, thus extending the concepts of dynamical system theory to a broad range of non-equilibrium systems. Our analytical results compare favorably with simulations of a lattice model of heat conduction. We further show how the computation of Lyapunov exponents for the Symmetric Simple Exclusion Process relates to damage spreading and to a two-species pair annihilation process, for which our formalism yields new finite size results.
Many non-equilibrium phenomena arise from sharp transitions between very different dynamical regimes, from the onset of turbulence, where chaotic trajectories emerge in an otherwise regular flow [1, 2] , to the glass transition, where diffusive dynamics give way to an arrested, ergodicity-breaking regime [3] [4] [5] . To probe such transitions one needs to quantify differences among trajectories. The thermodynamic formalism [6] of Bowen, Ruelle and Sinai (SRB), which extends statistical mechanics to the set of trajectories, does exactly this. It acts on trajectories much as a prism does with natural light, by grouping them according to the value of a given observable. This approach has recently been used extensively to study the fluctuations of simple dynamical quantities, such as currents [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] or dynamical activities [17] [18] [19] [20] , revealing novel dynamical phase transitions.
The original SRB approach, however, relied on more fundamental quantities such as the Lyapunov exponents (LEs), which quantify the chaoticity of trajectories and are related to the Kolmogorov-Sinai entropy via the Pesin formula [21] . By exploring not only the phase space but also the tangent space, they provide more information on the dynamics, allowing one to identify attractors and separatrices, and to distinguish fast modes from slow ones.
Their fluctuations have been studied mostly in low dimensions [22, 23] , with some notable exceptions [24] [25] [26] . For deterministic systems, computations in high dimensions appear out of reach, beginning with the difficult task to find their SRB measures, which are crucial to properly define averages and fluctuations. Fortunately, many systems of interest effectively have, to an excellent level of approximation, stochastic dynamics. Then ergodic issues are bypassed and fluctuations are easier to access as they correspond to different noise realizations. LEs can be defined for stochastic dynamics [27] [28] [29] but studying their fluctuations in high dimensions remains very challenging, with few results available [26, 30] .
Nevertheless, real condensed matter systems are spatially extended and the study of chaotic properties of high-dimensional systems is thus of great interest [31, 32] . When studying collective phenomena like turbulence or the glass transition, our interest is not in the individual behavior of single particles but rather in the emergent behavior of the system. In other words, we are interested in collective modes, rather than in microscopic degrees of freedom. Characterizing LEs of collective modes is thus both an important goal and a difficult task.
In this Letter, we show how this program can actually be carried out analytically for a class of many-body interacting systems, whose dynamics is described by diffusive fluctuating hydrodynamics. For the sake of concreteness, we first introduce a paradigmatic example of such models: the Kipnis-Marchioro-Presutti (KMP) model of heat conduction [33] . Then, we show how the Macroscopic Fluctuation Theory (MFT) [9-11, 14, 16, 34-39] , which has proven successful in the study of current or activity fluctuations, can be extended to calculate the large deviation function of the largest LE. We validate our MFTbased analytical results using simulations of a lattice model. Finally, we present how our results on the LEs connect, somewhat unexpectedly, to damage spreading and to a two-species pair annihilation reaction-diffusion process.
The KMP model is a chain of L oscillators [40] , in which the energy ε i 0 is redistributed stochastically between nearest neighbors at fixed rate γ according to:
where for each event p is sampled from a uniform distribution on [0, 1]. The total energy is conserved in each, which accounts for this model being one of the simplest for which Fourier's law can be proven analytically [33] .
To define the LEs, let us consider two copies of the system, {ε i } and {ε i }, which evolve with the same noise realizations. In practice this means taking the same redistribution time (given by an exponential law of parameter γ) for each bond and the same redistribution parameter p at each activation in the two copies. We can then follow the time evolution of the difference between the two copies, u i = ε i − ε i , and define from this the largest (finite-time) LEλ(t) as The LEλ(t) -we omit the adjective "largest" belowtells us how small perturbations are amplified or eliminated by the dynamics. Ifλ(t) < 0, the copies of the systems converge towards identical energy profiles. Conversely, ifλ(t) > 0, the difference between the two copies diverges, and a small perturbation on the initial configuration completely changes its subsequent evolution. It would be a formidable task to keep track of the L individual stochastic variables. Since we are interested in the macroscopic properties of our model, we adopt a fluctuating hydrodynamics description, which accounts for the stochastic evolution of collective modes in the large L limit. In this approach, space and time are rescaled by the system length and the diffusive relaxation time of a macroscopic fluctuation:
The local energy ε i (t) then turns into a smoothly varying field ρ(x, τ ), which evolves according to a continuity equation
The current j(x, τ ) comprises a deterministic contribution arising from Fick's law and a stochastic one accounting for the fluctuations around this typical behavior:
where ξ(x, τ ) is a Gaussian white noise with correlations
shows the benefit of replacing microscopic variables by a continuous stochastic field: the noise vanishes in the large L limit. This description is generic for conserved quantities in diffusive systems and we can recover different microscopic models by appropriate choice of the ρ-dependence of D and σ. The KMP model with γ = 2 has D(ρ) = 1 and
. Eqs. (2) and (3) can also describe the local number of particles in lattice gas models: D(ρ) = 1 and σ(ρ) = 2ρ corresponds to free particles performing a symmetric random walk with a unit hopping rate, whereas D(ρ) = 1 and σ(ρ) = 2ρ(1 − ρ) corresponds to the Symmetric Simple Exclusion Process (SSEP). For the sake of generality, we will keep D and σ arbitrary for now. A small perturbation u(x, τ ) of the field ρ(x, τ ) evolves according to the linearization of the continuity equation (2)
where ξ is the same noise as in (3) and the differential operator ∂ ∂x applies to everything on its right. Linearizing the dynamics amounts to considering two close-by copies of the system ρ and ρ , and to examining the evolution of the difference u = ρ − ρ. In this formalism, the definition of the "same noise" is straightforward: we simply take the exact same realization of ξ(x, τ ) for the two copies of our system. The LE λ is then defined as
We can now introduce the normalized tangent vector
|u(τ )| , which evolves according to
to obtain an explicit expression for λ(τ ) as [26] λ(τ ) = 1
The LE is a fluctuating quantity that depends on the noise realization. To characterize its fluctuations, it is convenient to introduce the moment-generating function
instead of trying to directly calculate the probability distribution P (λ, L, τ ). In analogy to the canonical ensemble in equilibrium statistical physics the parameter α, which is conjugate to the LE, plays the role of an inverse temperature for chaoticity. Taking α > 0 favors trajectories with large LE, i.e. abnormally chaotic trajectories, whereas α < 0 favors trajectories with small LE that are abnormally stable. Our next step is technical: we carry out the evaluation of the partition function Z(α).
Using standard path-integral methods [11, 14, 37, 41, 42] , Z can be expressed as
where the explicit dependence on the noise is replaced by response fieldsρ andv and the action S is given by
where the Lagrange multipliers µ, χ and η enforce the appropriate constraints ( The specific form of the path integral, with system size L factored out in front of the action, gives the gist of the MFT: we may use a saddle-point approximation [11, 14, 37] 
where ϕ is the dynamical counterpart to a free energy. It allows one to extend the language of phase transitions to dynamical systems [43] and also yields the cumulants of λ in the large L limit since
In the following, we are considering models described by D(ρ) = 1. Performing a perturbation expansion in α for α > 0 of the saddle-point equations and looking for a stationary solution, one gets after painful algebra
). This analytical result for the first five cumulants of the LE in a generic class of models is the first important result of our work. The expansion can be carried out to arbitrary order but we have not been able to infer a generic form of the coefficients from the first contributions.
Our approach can also be used to visualize how the system develops nontrivial structures to produce a Lyapunov exponent that deviates from its typical value, by calculating the density profiles ρ(x) and tangent vector v(x) -both assumed stationary in time -that extremize S for a given value of α. Fig. 1 shows such realizations for α = 0.4, leading to a 25% increase of the Lyapunov exponent [44] . For this value, ρ(x) is well approximated by a simple harmonic modulation but it would develop into more complex nonlinear shapes at larger α.
Since we have relied on a fluctuating hydrodynamic description, we would like to check whether the LE λ calculated within this formalism is identical to the microscopic LEλ of the original lattice model. We expect the "discrete" LEλ(t) to be related to the "fluctuating hydro-
. If this relation is correct, the cumulant of
(0) in the large size and large time limit. We checked this numerically for the specific choice of the original KMP model. As can be seen in Fig. 2 , the first two cumulants (mean and variance) are in good agreement with this prediction. The mean reaches its long time limit for τ ∼ O(10 −2 ) but the variance requires τ ∼ O(1). Our calculation of the LE in the hydrodynamic regime is thus fully consistent with the LE measured in the microscopic model, which shows that the MFT can indeed be extended to compute LEs of spatially extended diffusive systems.
To conclude this Letter, we turn to models with dis- . For instance, if a fluctuation attempts to make the rightmost orange particles in the SSEPs hop to the right, only the bottom one does so. This is then equivalent to a hop to the left of the rightmost red particle in the reactiondiffusion process, as far as ui is concerned.
crete degrees of freedom and show an unexpected connection to damage spreading and annihilation processes. For the sake of concreteness, take a Symmetric Simple Exclusion Process (SSEP), in which particles perform a symmetric random walk with mutual exclusion. We consider a chain of size L, with unit hopping rate. In order to define the LE, we consider two copies A and B of this system, and we apply the same noise to both copies. Specifically, we assume that hops are triggered by the environment: when a site tries to expel a particle in one system, it will also expel a particle in the other (if there is one at this site). If n Readers will now realize that the calculation of the LE is closely linked to the issue of damage spreading [45] [46] [47] . There, one studies the propagation of a spatial defect, i.e. a small difference between two nearly identical copies of the same system, over time and asks whether this defect spreads or recedes. With the LE, one further looks at the rate at which the defect vanishes or completely changes the subsequent evolution of the system. The dynamics of
in the two coupled SSEPs can be mapped onto the same quantity in the two-species pair annihilation reaction-diffusion process A + B → ∅ [48, 49] . In this two-species models, the A particles perform a symmetric random walk with mutual exclusion, the B particles do the same, and when A and B particles meet at the same site, they immediately annihilate. The mapping arises from the fact that when a site is occupied in both SSEPs, removing the particles in both systems will not affect the subsequent dynamics of u i (see Fig. 3 ). The asymptotics of the A + B → ∅ process are fully understood for infinite system size [50] , but there are no exact results in finite size for averages let alone fluctuations. Since the SSEP can be described by fluctu- Figure 4 . Simulations of A+B → ∅ performed using the RRC algorithm [53, 54] . The system size is 2
20
, the initial density of each species of particle is 1/8, and the average is performed over the steady-state distribution extracted from 1 000 runs, conditioned on not being absorbed. After a power-law decay, with an exponent −1/4 predicted for the infinite size limit, we see the emergence of an exponential decay due to the finite size of the system. The decay rate measured numerically is λ ≈ −39 in units of τ , which is within few percent of λ = −4π 2 predicted using our mapping to two coupled SSEPs.
ating hydrodynamics with D(ρ) = 1 and σ(ρ) = 2ρ(1−ρ), we know from Eq. (9) that |u(t)| ≈ eλ
Hence, thanks to our mapping, we can predict that in the large size and large time limit, the total number N (t) of particles in the A + B → ∅ process scales as
This regime, which was out of reach of previous numerical studies [51, 52] , is in perfect agreement with our simulations (see Fig. 4 ). Note that we also have predictions for the fluctuations of N (t), from Eq. (9), but confirming these numerically is difficult since the absorbing (empty) state is reached too quickly.
We summarize our main messages. Using a generalization of the MFT, we have shown that it is possible to compute analytically the LE and its fluctuations in a class of spatially extended systems characterized by diffusive fluctuating hydrodynamics. The largest LE (and its fluctuations) appear insensitive to the transition to a continuum description, as we have shown by direct comparison to a discrete model. For systems with discrete degrees of freedom, the mapping of the SSEP to A + B → ∅ suggests a generic correspondence between damage spreading/LE determination and reaction-diffusion processes with absorbing states (at least for diffusive systems). This would be an interesting direction to pursue. But perhaps as challenging would be to exploit similar techniques to systems without a well defined fluctuating hydrodynamics, such as interacting colloids [55] . This could open the way to identifying slow modes in glass formers.
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